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The eigenvalues of the open-loop system are (-2.8166,
1.0276). Thus, the short-period mode has become two real
poles since the e.g. is so far aft.

To apply our results to this system, we need to transform it
to the controllable form. This can be done using the transfor-
mation Ac = T~lATand Bc = T~1B where

and

1 - I " ° ' 1 Bc [2.8944 -1.7889J'

I" -0.1548 -0.002ll
~ L -0.181 -0.1692J

(22)

(23)

The objective of the design is to locate the closed-loop poles
at (-2±y'1.9). These poles are suitable in terms of flying
qualities.6

Equations (18) and (19) result in the state-weighting matrix

49.5347 0
0 - 8.2090

The solution of Eq. (5) is given by

(24)

(25)

where W = [WITW2T\T is the matrix of the eigenvectors corre-
sponding to the stable eigenvalues of the Hamiltonian matrix

Ac -BCBJ
(26)

(27)

Therefore, we may compute

= f 35.697 10.53221
~ |_ 10.5322 2.2216 J

The required optimal LQ gain is given by

K = [10.5322 2.2216] (28)

The optimal controller gain for the original system is given by

KT~l = [ - 53.4699 - 12.4609] (29)

and the state-weighting matrix for the original system is given
by

Tl7?S A O 31R7~1
(30)

1725-4 °'3187l
[318.7 -295J

Note that, even for this simple design that represents a com-
mon sort of problem, a nonpositive semidefinite state weight-
ing is needed to achieve the military specifications.

V. Conclusions
We have developed a relation for finding the state-weighting

matrix Q in the linear quadratic performance index to yield
specified closed-loop poles for single-input systems. This rela-
tion expresses Q in terms of the open-loop and closed-loop
eigenvalues. The relation shows the need for nonpositive
semidefinite state weighting for some selections of the closed-
loop poles. This means that restricting our attention to a
positive semidefinite state-weighting matrix does not allow
arbitrary placement of the closed-loop poles. To show that
nonpositive semidefinite Q can be needed in practical situa-
tions, we designed a longitudinal stability augmentation sys-
tem where such a Q was needed to conform to the MIL-speci-
fied closed-loop poles.
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Improved Tracking of an Agile Target
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I. Introduction

A S the term is commonly interpreted, tracking refers to es-
timating the current state of the target; e.g., position,

velocity, etc., from a spatiotemporal observation.1 Prediction
of future target location can be made on the basis of this esti-
mate. Even with the new generation of electro-optical (EO)
sensors, tracking an agile target is a difficult task. While there
is well-developed theory of linear (or essentially linear) estima-
tion and prediction, quite useful in benign environments, it is
difficult to adapt the results to situations involving rapid
changes. The models upon which the algorithms are based fre-
quently do not exhibit the discrete maneuver regimes typical of
a hostile encounter.

Synthesis of model-based tracking algorithm begins with the
equations of motion of the target. Motion dynamics are con-
ventionally rendered in terms of a linear Gauss Markov (LGM)
model

dxf = Ax, dt + dwt (1)

in which xt is the state process, including the position, veloc-
ity, and in some instances, acceleration of the target, and
(d/d/)w, is a wideband (white) process of intensity W [Wdt =
(dw,)(dw,y], selected to introduce uncertainty into the path of
the target. It is traditionally assumed that the tracker avails
itself of sensors that measure target motions,

dy, = Dxt dt + dnx (2)

Received Jan. 9, 1991; revision received April 19, 1991; accepted for
publication May 21, 1991. Copyright © 1991 by the American Insti-
tute of Aeronautics and Astronautics, Inc. All rights reserved.

*Professor, Department of Electrical and Computer Engineering.
tPrincipal Engineer.



1282 J. GUIDANCE, VOL. 15, NO. 5: ENGINEERING NOTES

where nx is a Brownian motion process with intensity Rx > 0,
independent of both w, and the initial conditions on Eq. (1).
In applications, both Eqs. (1) and (2) are frequently localiza-
tions of a nonlinear relations; e.g., range and bearing mea-
surements, which more comprehensively describe the evolution
of the encounter.

The solution to the mean-square estimation problem formed
from Eqs. (1) and (2) can be phrased as follows. Denote the in-
formation pattern—filtration—generated by yt by Yt. The con-
ditional mean of the local encounter state [xt = E(xf/Yt)] is
given by the (extended) Kalman filter (EKF)2:

sible to write the motion equations in a Cartesian coordinate
system

t, = Ax, dt + PXXD1RX
1 dvx (3)

where dvx ~ dy - Dx dt (the innovations), and P^ is the error
covariance matrix.

Note that when Pxx is small, the innovations process receives
little note, and the estimate propagates forward along the field
of the unexcited system. As the uncertainty in the state esti-
mate increases, new information is accorded increasing value;
i.e., as the estimator becomes less sure of the true state, it is
more willing to modify its prior estimate in response to new
data. The matrix P^ is given by the solution to a matrix dif-
ferential equation:

= [APXX + + W - PXXD1RX ' D P X X ] d t (4)

The right-hand side of Eq. (4) is composed of readily inter-
preted terms. The error variance is amplified by the system dy-
namics [(A PXX + PxxA^dt] and is reduced by observation pro-
cess (PXXD'R-1 DPXX dt). The equation of evolution of the
error variance process Pxx is responsive to the influence of the
exogenous disturbance as well. As the intensity of this excita-
tion W increases, the increment in Pxx is increased propor-
tionately. From Eq. (1), IV has another interpretation. It is the
intensity of the Yr predictable quadratic variation of xt; i.e.,

W dt = d <*,*>, (5)

The EKF algorithm is quite adept at following motions in
undemanding tracking environments such as occur at long
ranges. Target motions are small relative to the field of view
(FOV), and any reasonable tracking algorithm will maintain
the target in the tracking window. At shorter ranges the prob-
lem becomes more complex. Perceived target motions be-
come more volatile, and maneuver occurrences should be in-
corporated into the motion model. A conscientious
representation would differentiate between distinguishable
constituents of the acceleration process. On time scales of in-
terest, the acceleration has a natural decomposition into con-
tinuous and discontinuous parts. The former is produced as a
combination of a variety of parasitic effects, individually
small, but non-negligible in aggregate, and is well modeled by
an LGM process. The latter is produced by operator-induced
motions. As a pilot seeks to avoid being tracked, and to make
his future location difficult to predict, he may select a timed
sequence of maneuver accelerations to create a complex mo-
tion pattern. The LGM algorithm, Eqs. (3) and (4), finds such
motions difficult to follow because the discontinuous compo-
nent of acceleration is outside the family of sample paths gen-
erated from wt. This leads to larger than expected errors in
tracking and unacceptable errors in prediction. Jinking ma-
neuvers thus achieve precisely the evasive intent of the pilot.

A realistic motion model displays the maneuver acceleration
explicitly. Suppose that the maneuver acceleration takes on
values in a finite set, say { a } , . . . , as}. In the interest of brev-
ity, consider the proposed filter in the context of the engage-
ment described in Ref. 3. The application illustrates many of
the issues that arise in tracking agile targets without unduly
circumscribing the generality. In summary, suppose that the
target moves in the plane with nearly constant speed. It is pos-

dxt = Axt dt + dw, + atC(k x v*) dt (6)

where xt is a 4-vector containing the vehicle position (compo-
nents 1 arid 2) and velocity vt (components 3 and 4), v] is a
unit vector along vt, k is a vertical unit vector, and C is a
matrix adjusting the dimension of the last factor and linking
the maneuver acceleration to the increment in velocity. The
first two terms retain their identity from Eq. (1). The final
term delineates the maneuver acceleration. It has sense and
magnitude given by at, and its direction is perpendicular to the
velocity. A conventional EKF neglects the last term in Eq. (6)
and linearizes the range-bearing measurement about the esti-
mate of Xf.

The maneuver acceleration is best modeled as a jump pro-
cess (see Ref. 4 and the references therein). Often the power in
the wideband accelerations is much smaller than that in the
maneuver. A small value of W leads, through Pxx, to a long
time constant in the EKF. Indeed, the estimate of state gener-
ated by Eq. (3) may stray from the target path in certain condi-
tions. An uncompensated bearing-only EKF diverged even
when the target did not maneuver.5 With measurements of
both range and bearing, this problem is reduced in the null-ma-
neuver regime for which Eq. (1) is a valid target motion model,
but it is far from being eliminated during an acceleration.

A target will maneuver only when it is advantageous to do
so. When the amplitudes of the maneuver accelerations are
significant, but the frequency low, proper adaptation of LGM
techniques is difficult. A small value of Pxx leads to good per-
formance in the nonmaneuvering regimes, but response after
the initiation of a maneuver tends to be retarded. The conven-
tional way to obviate this difficulty is to simply increase the
noise intensity, W\ i.e., add "pseudonoise" (see Chap. 9 of
Ref. 2). This results in an increase in P^ and has been used to
represent a variety of modeling errors. It creates a primitive
conservatism in the EKF in so far as the innovations gain is
made larger thereby and thus provides a more expeditious re-
sponse to changes in the acceleration regime. Unfortunately, it
also carries with it a needless increase in volatility during
quiescent intervals that would be unacceptable in high-accu-
racy tracking applications where velocity errors are magnified
by the predictor.

These difficulties arise because the pseudonoise approach
too coarsely approximates the actual behavior of the maneu-
ver process to embed it in the LGM framework. It is far better
to use the model given in Eq. (6) directly. It more carefully dis-
tinguishes the alternative acceleration hypotheses, and it is
reasonable to suppose that the performance of an estimator
truly based on it would be superior. Although Eq. (6) does not
generate Gaussian sample paths, xt is conditionally Gaussian
given a,. This fact suggests a multiple hypothesis approach to
estimation; i.e., find the conditional expectation of xt given
both Y( and a( and then average over the acceleration paths.
This technique involves multiple target models with averag-
ing—or mixing—of their outputs. Since there are infinitely
many maneuver paths, an extreme pruning of hypotheses must
be achieved if the number of active alternatives is not to be-
come overwhelming.6'7

In this Note, a path-adaptive estimation algorithm is pro-
posed for tracking an agile target. It is assumed that the con-
ventional center-of-reflection sensor suite is augmented with
an imager; i.e., in addition to range-bearing measurements, a
sequence of "pictures" of the target is created. A brief study
of the advantages that accrue to image enhancement is pre-
sented. It is shown that a path-sensitive EKF can be obtained
that has good quiescent performance while providing expedi-
tous response to a maneuver. A low filter gain is used in
normal operation, thus providing high noise rejection. Alter-
natively, during transient intervals, the gain is increased to
reduce the response time of the filter. The approach is illus-
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trated in the context of a simple example, but it can be used in
more general circumstances.

II. Image Augmentation
As indicated in the previous section, center-of-reflection

tracking tends to produce unsatisfactory results in volative envi-
ronments. A measurement that would give a more expeditious
indication of a maneuver would reduce the lags inherent in
current implementations. In one case, it was proposed that the
target transmit a signal to the tracker whenever it turned, thus
permitting the estimator to adjust to changing vehicle dynam-
ics.8 While improved performance was achieved with this
novel data link, the referenced application required coopera-
tion between target and tracker. In a hostile environment, the
target will select its motion pattern to exploit limitations in the
sensor-processor architecture. While increasing W makes
more rapid the response to maneuvers, it also degrades quies-
cent performance. Bekir proposed in Ref. 9 that the at be esti-
mated and that the elements of W matrix be augmented propor-
tionately "to the amount of acceleration along each axis." In
this way, a "large or unnecessary" increase in W is avoided
during nominal operation. Williams and Friedland also ad-
dressed this issue and correctly pointed out that the covariance
of the acceleration estimation filter should be adjusted "to
reflect the increased uncertainty ... due to the transition."10

The algorithm presented here preserves the maneuver esti-
mation link described in Ref. 3 but bases enlargement of Won
the uncertainty in acceleration instead of its magnitude. Ma-
neuver acceleration is inferred from target rotation as mani-
fested in changes in target orientation in the image.11 In Ref. 3 the
estimated value of the acceleration was added to a simpli-
fied—nonmaneuvering—EKF for estimation and prediction.
Large peak errors during a maneuver were reduced thereby,
and the likelihood of loss of lock lessened. This image-aug-
mented filter has an anomalous property. When the maneuver
ends, the estimator is slow to eliminate the sizable residual
error and return to nominal operation. This behavior is per-
haps surprising because in the nonmaneuvering regime the
LGM model correctly describes target motion. The fundamen-
tal reason for the slow decay in the error is the failure of the
EKF to properly deweight the large residuals generated during
the maneuver. The EKF will not perform as expected for an
extended period when W is small.

In this Note an estimator is proposed that reduces the re-
sponse delay found in the filter described in Ref. 3. There is no
significant increase in algorithmic complexity over that re-
quired in the earlier filter, but instead the information already
produced in the image link is exploited in more detail. Speci-
fically, the acceleration uncertainty, which is a byproduct of
the output of the image postprocessor, is used to generate ap-
propriate adjustments to the error covariance calculation in
the EKF. This simple adjustment is seen to result in signifi-
cantly faster estimator response.

Consider the proposed filter in the context of tracking a sin-
gle turn maneuver. Suppose that the wideband acceleration is
of low intensity, (dvv^2 = 0.01 (m/s2)2 dt, and that there is a
range-bearing sensor located at the origin of the state space
with sample frequency 10 measurements/s and standard er-
rors 5 m in range and 0.25 deg in bearing, independent in time
and type. By neglecting at in Eq. (6), an EKF can be synthesized
using established methods. This provides the basic nonimaging
estimate of target location. To determine the usefulness of im-
age augmentation, suppose that there is a collocated imaging-
sensor-processor that generates measurements of target orien-
tation. The image processor places the target in one of L = 16
(22.5 deg) equally spaced angular bins at the same 10 frames/s
rate. Image creation and interpretation is subject to error. It
will be assumed that if the true target orientation would place
it in bin /, the following errors occur at the following rates (see
Ref. 3 for more detail): 1) uniformly distributed errors
— 1.0%, 2) adjacent bin errors—1.8%, and 3) silhouette pro-
jection errors—10.0%

Let Zt be the filtration generated from the image link, and
let a, be the vector of conditional probabilities of individual
maneuver accelerations. It is shown in Ref. 3 that at satisfies
the nonlinear stochastic differential equation:

subject to

, dt + [diag(0,) - <£,<#]

790,] -'da,

/JA'diag

(7)

(8)

where Q is dependent on the manuever and orientation dy-
namics, A is dependent on the frame rate and sensor-image
processor precision, / is the identity matrix, 1 is a vector of
ones, and ati counts the number of occurrences of the ith im-
age symbol. The augmented EKF (EKFA) presented in Ref. 3
simply adds the mean maneuver acceleration at (at = L/#/d,)
to the null EKF.

Figure 1 shows the performance of the augmented tracker
on a simple planar maneuver. As expected, the EKF fails to re-
spond expeditiously to the maneuver, and if Wwere smaller, it
would diverge. Tracking is much improved with EKFA, partic-
ularly during the turn, but large errors remain in both filters
after the maneuver ends. This is because of the long time con-
stant of both filters resulting from the small value of W .

Note that EKFA uses only part of the information on the
maneuver generated by the image link, the mean acceleration.
With the conditional distribution already available from Eq.
(7), it is possible to compute the acceleration variance as well:

Var at = E{a?\Zt] - (E{a?\Zt})2 = (9)

Equation (9) has an interesting interpretation. When the ma-
neuver is resolvable from the image sequence (a, = et), the ac-
celeration uncertainty is small. Alternatively, as the uncer-
tainty in the maneuver classification increases, Var at grows as
well. This is just the sort of situational adaptation required in
the application. The process noise intensity W can be
augmented proportionally to acceleration uncertainty (rather
than acceleration magnitude), transformed into the Cartesian
coordinate system. The calculated error covariance is the solu-
tion to Eq. (4) with the increased W. Through this simple arti-
fice, a maneuver-adaptive tracker is created. Denote the corre-
sponding filter by EKFP.

Tracking is much improved with this modification. Covari-
ance augmentation improves the speed of filter response and
reduces the decay time when the maneuver ends. Figure 1
shows the tracking performance of EKFP in position. The
velocity estimate is also improved as more detailed informa-
tion in the image-based link is used. Accurate velocity esti-
mates are of great importance in prediction, and the effect of
artifacts in the residuals tends to accumulate in velocity be-
cause there is no direct measurement to disabuse the filter of

6080-
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Fig. 1 Tracking performance of the filters.
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Fig. 2 Velocity performance of the filters.
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Fig. 3 Prediction performance of the filters
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incorrect references. Figure 2 shows the filter responses in the
velocity plane. The EKF is notably deficient in velocity estima-
tion, actually confusing the sense of rotation. As more of the
image-derived information is incorporated into the estimate,
performance improves. Covariance adaptation particularly
speeds the final velocity correction after the maneuver ends.

The improved velocity estimates are reflected in prediction
accuracy. Figure 3 shows the prediction responses for the same
trajectory. Image-based algorithms have a noticeable local
volatility due to the quantization of the orientation grid induced
by the image processor. Nevertheless, it is evident that covari-
ance adaptation speeds response. For this scenario the peak
5-s prediction error in position is 190 m, with 25 m remaining
30 s after the maneuver ends. The EKFA reduces the peak to
110 m but has about the same residual error after 30 s. The
adaptive EKFP has a 78-m peak but only an 8-m prediction
error after 15 s.

There is, of course, a penalty to be paid for the improved
performance during and after a maneuver. The basic EKF was
derived on the basis of a model best tuned to the non-
maneuvering target. This null EKF wastes no effort on track-
ing putative maneuvers, and this complacency leads to excel-
lent nominal prediction performance, approximately a 4-m
position error in quiescent null-maneuver sojourns. The adap-
tive filter "sees" more maneuvers than actually occur. Never-
theless, the performance deterioration is slight, in the neigh-
borhood of 5.5 m during the same conditions. Furthermore,
during an acceleration transient, prediction is so improved
that the suggested modification will be useful in volative en-
counters.

III. Conclusions
A covariance adaptive modification of an earlier image-

based tracking algorithm improves performance by increasing

the filter gain during periods of uncertainty regarding the ma-
neuver regime of the target. Since the increase in algorithmic
complexity is slight, this algorithm provides a useful comple-
ment to the earlier tracker.

Acknowledgments
This research was supported by a grant from the Hughes

Aircraft Co. and by the MICRO Program of the State of Cali-
fornia under Project No. 90-158.

References
^hang, C. B., and Tabaczynski, J. A., "Application of State Es-

timation to Target Tracking," IEEE Transaction on Automatic Con-
trol, Vol. AC-29, Feb. 1984, pp. 98-109.

2Maybeck, P. S., Stochastic Models, Estimation, and Control, Vol.
1, Academic Press, New York, 1979.

3Hutchins, R. G., and Sworder, D. D., "Image Fusion Algorithms
for Tracking Maneuvering Targets," Journal of Guidance, Control,
and Dynamics (to be published).

4Cloutier, J. R., Evers, J. H., and Feeler, J. J., "Assessment of
Air-to-Air Missile Guidance and Control Technology," IEEE Con-
trol, Systems Magazine, Vol. 9, No. 4, Oct. 1989, pp. 27-34.

5Speyer, J. L., Kim, K. D., and Tahk, M., "Passive Homing Mis-
sile Guidance Law Based on New Target Maneuver Models," Journal
of Guidance, Control, and Dynamics, Vol. 13, No. 5, 1990, pp.
803-812.

6Blom, H. A. K., and Bar-Shalom, Y., "The Interacting Multiple
Model Algorithm for Systems with Markovian Switching Coeffi-
cients," IEEE Transactions on Automatic Control, Vol. 33, Aug.
1988, pp. 780-783.

7Maybeck, P. S., and Suizu, R. I., "Adaptive Tracker Field-of-
View Variation Via Multiple Model Filtering," IEEE Transactions on
Aerospace and Electronic Systems, Vol. AES-21, July 1985, pp.
529-539.

8Lefas, C. C., "Using Roll Angle Measurements to Track Aircraft
Maneuvers," IEEE Transactions on Aerospace and Electronic
Systems, Vol. AES-20, No. 6, Nov. 1984, pp. 671-681.

9Bekir, E., "Adaptive Kalman Filter for Tracking Maneuvering Tar-
gets," Journal of Guidance, Control, and Dynamics, Vol. 6, No. 5,
1983, pp. 414-416.

10Williams, D. E., and Friedland, B., "Target Maneuver Detection
and Estimation," Proceedings of the 27th IEEE Conference on De-
cision and Control, Austin, TX, Dec. 1988, pp. 851-855.

HSworder, D. D., and Hutchins, R. G., "Maneuver Estimation Us-
ing Measurements of Orientation," IEEE Transactions on Aerospace
and Electronic Systems, Vol. AES-26, July 1990, pp. 626-638.

Coupling of Tether Lateral Vibration
and Subsatellite Attitude Motion
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Introduction

I T has long been known that the study of the motion of
tethered systems in space is an intriguing problem. To be

more specific, at present, after several years of effort, it seems
that not every aspect of the dynamics of TSS-1 (Tethered
Satellite System—Mission 1) during retrieval is adequately
understood, so that, recently, actions have been taken in the
United States and in Italy to increase the control capability of
the system. The main simulation difficulties have been pointed
out in Ref. 1, where a mixed approach, i.e., one based on
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